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Question 1: Sampling Importance Resampling.

This exercise will bring you closer to the concept of Transitional Markov Chain Monte Carlo.
The goal here is to get samples from the distribution / having already in hand samples from a
distribution ¢. Usually sampling ¢ is easier than sampling f.

Assume we have samples {Y;}", from g. We define the weights

and a random variable X with Pr(X =y, |y, ..., yx) =wi.
a) Show that in the limit N' — ~x, the random variable X is distributed according to f.
We are going to show that the density of the distribution of X is /,
Pr(X<z)= Z;,u,-, .
DD i P oo, | 81, g(y)dy
Loy I 28(y) dy

_ [ty dy

T Ity dy
= / Ly [(y)dy,

where the limit is true due to the Central Limit Theorem. Thus, in the limit N — oo the
random variable X is distributed according to f.

2)

b) Let {X,}, be ii.d. samples following the same distribution as X. Show that
1 N N
) {\‘-_;m,\,)] =R [;w-,/.m] (3)

Let p be the density of the random variable .X. Since X, are drawn independently,

E [%;/:(,\’,)J =E[h(X)] “

1

Question 2: MCMC for optimization

Markov Chain Monte Carlo (MCMC) is a sampling technique used in Bayesian inference to
obtain samples from the posterior. It can also be used in discrete and continuous optimization
problems.

An optimization problem has the following form:
mnin E@W). E:E—-V.QCE. (10)

The set V' should be totally ordered. Usually it is the set of real or natural numbers. If © &,
the minimization is unconstrained, and if © C £, the problem is called constrained.

If V is numeric, the problem can be reformulated as follows:

mml (V) & um.\u\p( (d)/T), T'z0; (11)
- SEOYTY s P ;
N R )V T R i

where we silently ignore any integrability issues and assume [ behaves nicely enough. The
quantity /7 in (12) is a valid probability density function. If P’(1): 7') had its mass highly concen-
trated around the minima of 7, we could just sample r' from [his distribution. The samphng |s
done by the evolution of a Markov chain using approp babilities as

below. The high concentration of mass around the minima is achieved by a technique known as

simulated annealing which reduces the value of T" over time as new samples are being generated.
Overview of MCMC

As we know from Exercise 5, a Markov chain is characterized by its transition probability
F 1y | 0] =100y, k). The marginal distribution of state k + 1 can be written as:

Pl = / Plres | oo Py dry (13)
Sy
If we can let i — ~, then we obtain a distribution p(r) which satisfies the following relation:
plar) = /I(f,y)p(g)du. (14)
Jy

As an aside, you can check that if the Markov Chain is discrete, the finding of the stationary
distribution corresponds to solving an eigenvector problem.

There are in general no guarantees that such a distribution exists. If it does, the marginal
distributions will eventually converge to it. When detailed balance holds:

P, y) =y a)ply). (15)

then the fixed point exists almost trivially:

/may\,m_,,j.h, = //(;/.J’)p(f)dy:p(!} //w,r)du = p(x). (16)

Jy "

Lety = (y..... yn) and ply) = g(y1)...g(yn) since Y, are iid. By the law of total
probability,

plz) = /"'/1'1»"|.’/L o ua)Pn. - yn) dyy L dyy

(5)
= /1"!111“/(!/1)- -glyn)dy.
The conditional probability of X on y is given by,
z wi, =g
plaly) =Y wdlr—p) =4 : ) (6)
o Wy, T=yYN
where 4 is the slightly violated Dirac function'. Substituting 6 to 5 and then to 4
E[h(X)] = / h(e)p(r) di
' (M)

- N
:/ /h(.r)zw.ﬁ(f v) g(n) - glyx) dy da .
L =

By noticing that

N

N
h(r ..,,r\u y)dr = wi | h{x)o(r y,) w, h(y,) 8)
) (
4 i1

we get
.
E[h(X)] = /Zs.htﬂu.w_rm- “glyn) dy
=

=E [i wi ML)J .

=1
that concludes the proof.

Grading scheme:
Total: 10 pts

e 5 points: question a

e 5 points: question b

'The Dirac is not a function but a distribution ancl is defined only throngh the action on test hunetions,
i b,0¢l [ @(a)Bey(da) = @lao)

P(0:T) is what we want our stationary distribution to be. Various MCMC algorithms are thus
concerned with picking the appropriate transition probability /(-. -).

One of the popular MCMC algorithms is the Metropolis-Hastings algorithm. For it we need a
symmetric proposal distribution P [ | y| = ¢(r.y) = q(y.x) = Py | z] (note: this is not the
same as /(. y)):

1. Sample V) ~ q(-, Vy-1).

2. Set i = min (1, exp{~(E(W) — E(x 1))/T})

3. Sample u ~ Unif(0. 1)

4. If u< h, set =0, else set 1), =1, ,
Questions

a) Show that the Metropolis Hasting algorithm induces a transition probability (., y) that
satisfics the detailed balance condition.

First, we need to derive the transition probability P [ | y] = /(xr, y). Starting from the algorithm,
we may start from the joint distribution P [r. u, = | y], where r represents the next state, u the
Bernoulli variable sampled according to the Metropolis choice, = the proposed state, and y the
old state.

Plr,uz |yl =Plr|uzy)Plu|zy P[]y (17)
The conditional probability IP [ | 1. =, y] can be written as:
Pl | w2, y) = 8 = 2)Lyey + (e = )1, (18)

which we interpret as follows: if « = | (proposal is accepted), then r will be the same as =,
hence the delta function 4( — ). When u = 0 (proposal is not accepted), then r will be the
same as y, hence the delta 4(.r )

Further, u is a Bernoulli distributed variable, so I [u | =. y| reads as:

ey, w=1
uﬂ[”‘h"lli{lftv(:.y). u=0." (19)
o(z,y) = min {1"(—’} . (20)

ply)

Finally, the proposal distribution is simply (= | y] = q(z. y)
To get the transition probability (.r, y) = IP [ | y] we marginalize:
(a.y) /d. Z Ple,z.u |y (21)
2 uefo0)

- /d: d(x = )z p)alz.y) + 0z — y) /d: (=-aeay).  (22)
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Question 1: Linear Model

Y. are gwen the linear regressicn m:del that describes the rela

 between vanables x, ).

PR

wrer2 a0 and ! are the repressics parameters, v is the output quantity of nterest (Qel) of the
svstem, x5 the ingut variable and (s a term accounting for model and measure ment errcrs, For
al Tollow . s.baues. < s “onsier 1 1a the prior uncertainty for the parameter (¢ is quantified by
s wifors distabuticn with larg » 2nough Lounds. The regress on parameter o 1 not considered
ucertam. | e model error s quanuified by a Gaussian distribation ¢ AT o™,

3. First consider the model, where o - (, g ven one measurement data point. ' = {1}

v=Bate

Find the pesterior . ncertainty n the model parameter 4 (e determine the pestericr
dstrib.tion tre negative I g-licelhood function and the most grobable value (MPV) of 3)
The pestens - dis: ibution of 61 gven the dataser D s giver by Bayes therorem

wap 1, LY wB I
o i)
Simcee Nl iy w L= (B0 and since 4 follows 3 uniform dstribution

wih larse bounds, gt /.~ 1. Therefcre

1 1
wd Dl \ﬁ,_gn{ S — ) }
o

With “e-ardering, of ternis, we <an prove that

1 Eid g
UZLNTEN erp{ e g
s (e 20}

Therefore, the zoster':r PDF s a rormal distribution ~ A7, &)

The negative log-likelinoos fuction then reads

LAID 1Y = ~loupAD 1))
1 !
i e+ i Ha
The mos: srobable value is calculated as the maximum cf the postericr PDF or equivalendly,
as the minimum of the ~egative log-likelihocd funciion. We compute the derivative cf the
negative log-likelihocd function with respect tc /¢
dL 1
T = 7atm By

By setung the Ist uenvative 2qual to 2er0 we compute

Lastly

LI
= —itf,

>0

therefcre, /4 is 1ndeed a minimum of Lif8 D 1), and thus, the MPV.

b} Second, using the same model as above, now consider a dataset of three output points
with the same ingut value 16, 1) = {1, o/ 2uy). Fach observation 1s therefore fitted by
the model

w=1la, e
where ) 1.V and «, ave indecendent and identically distributed error terms «
NG )

Find the sostericr uncersainty in the madel parameter £ using the new dataset
As the error terms ¢, are statistically incependent. tre sutzut Qcl's «, are ako statistically
independent. Therefore, we write the joint distributic~ of the sutput Qol

wu .o

ap{ - sl - At}
-
& ‘_k_"‘{mnw{ :%X..“ s 1‘}

By rordering terms and 5 mplifying, we can see that the the posterior PDF of # is again a
normal distrbuton ~ NT75 2

he negative log-likel ronc fuscton reads
s D lap 1D T

Snitra’y+ = i - 20l
) o =

We compuze tre most probable value of #

avd since 4L T4 S D, P s the minimum o

B{D. 1), and thus, the MPV.

He e consider the c:mplete regression mogel, where only R is an uncertain Model parameter.
Yeu are guen a dataset of N measurement peints ) = (X1}, wrere \ = {1y, 1x}
2:d) {u v} Each observation s, therefre, fited by the model

wreen 1\ and 1, aw indesendent and ientically distributed error terms, ¢, ~

Find the postenor distribution. negat ve log-likelhood function and the most probable value
(MPV) of the mozel parameter i, given the dataset D).

Rezause of indezencen: error :e-ms, the jcint fikelihcod functicn is

\
ARER AN | T

N 1
H oo { gt o '}

R

.
e | S Y
woUE

P

!
f
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5w

The pasterior PDF for the uncertain parameter [§ reads

wely

1 1 ~ )
pEIDD ‘W‘“‘{'?L w0

}
}

since pis11) « L

By reorsering terms and simplifying. we can see that the the posterior PDF of 4 is again a
narmal distribution ~ VT a2

The negative log-likelihoos furction then reads

Yo s

The most probable value is calculated as the maximum of the scsterior POF or the mysimum
of the negative log-likelihood functicn

LD, Ty = —Ingpi D, 1)
N

AL(AD Ty
e

o Aryi-r

PR

Along with the fact that

ALAD. T
apT o?

s the minimum of Li #1110, T} and, thus, the MPV.

Grading; scheme
Total 30 pts

o 10 points subquestion 3
* 10 points subquestion £

10 points subquestion ¢

Question 2: Non-Linear Model
Consider <he mathematical m:del of a falling scject with mass m, accelers
2 - resistance force

law. “he equation

on of gravity g and
201 where o is the air resstance coefficient. Using Newtn's
M-z of the falling skject is

g

» ma - mar? i)
i
The solution -1 the vel: =ity -tained fr:~ the nonlnear differantial equation (1 is
Coit
) ,‘m.‘hk" : 2)

o770 and £, 3 che initial time. Incegrating the velocity 111} wit+ respect to time
ment 7 of the falling object is finally obtained as
1

N e ) B

Mezsuremen for tre posit falling object are obtained by 3 digital camera making
snapshets with an incenval ¢ Ar sec. Given the observation data ' = [Ny, . X} of the
locat 20 of the “alling <cject a: “ime instances 1 = {1 . Nt} respectwely we are interested
1 est mat -g the u-cetainty of the parameter a o the system given the val.e 5f the variance
. Note that the measurements and tre model gredictions satisfy the madel error equation

e vkan+ Ry 4
2 (1i.¢ ) and follow

wrers the measure ~e~t erci terms E} are independent identically distr but
the zero-mea Gaussian distnbution A’ o)

Assume a un“orm prizr for a and derive tne expressions fo- tne

=, Pusterior 7DF (prkablity aensity function) pia [',)

ma Dot @ipDia.s,

.
oo [ [a(8ea0)
t
.
o) [A S riran ot
x
I

The proporticnality costant £ ca~ be fzund from the normalization proi

)

B
‘}_:\_\. ik \m‘).m
P J

2) The negative log-likelinooc function Lici) = - lupin Do
The negative log-likelinooc: function is defined for o+ [a, a5 and equals o

Lamy = ~lopialho) = ~Ine ~ 1 Y 0N - rkao?

ly one measurement Ny ~ 1 mi] taken - s after the beg nning.
of the fall. Assuming o . show that & = 8366 1/m| 15 the most srobable
value of the air resstance coefficient (the value which maximizes the posterior PDF).
Hint You do not reed to solve the result ng equation. Only show chat the given value is
indeed a minmum.

Finding a value which maximizes the posterior is equivalent <o findig a value which mini-
mizes the negative log-likelirocd

3) Consider a simple case

6.8 [m/s

Yok apany

arg_min Lioy = ar_min
EATRP:

The minimalicy condition for the expression above and for ene observaticn data point is

STANY = e

9
X 1A s {An) = 0

(x,— nceshy /BN~ fo)))

VRO ) ab( BTN ) Dbl FRAL 60
Saya ot -

it

After substituting all constant values, one obtains “i% = & 373 - 10-" which is approxi-
mately 0. T check that & — S 366 [1/m| is a minimum, ane can take the second dervative
and show that 1t's greater than 0.

Grading scheme:
Total 20 pis

8 points: subquestion 1
5 points subquestion 2
tion 3

© 7 ponts subqus

n




