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Set 07 - Sampling: toward MCMC and TMCMC
l$ued: April 16, 2018

Hand in: April 23, 2018

Question l: Sampling lmportance Resampling.
This €xercise will bing pu closr to the concept of Transitional Markov Chain Mont€ Cärlo.

The goal here is to eet $mples from the di*ribution / having akeady in hand *mpls from a

distilbution a Usually sampling 4 is easier than smpling /.
Assume re have samples {};};\ r from a. We define thc üißhts

,r(ti)/g(ll).,: ai (r)
u' 'l\\'')/rt\\'')

aod a random variable X with I'f(,Y = r l rr. yr) = ;,.

a) ShM that in the limit .\' + a. the random variable X is distributed accdding to /.
We are going to sho that the density of the distribution of X is /,

h (x.::) = tJ,l|.,.
iIf,iit', , ., .l #r' s pt,tp

= -lrH- ' - tH,/! ,t!

I I\!)r!...'1!
'I I\YlttY

= [ 
t"''71"1a"'

where the limit is true due to the Central Limit Th6rem. Thus. in the limit .V + E the
random väfiable -Y is distrihuted äc€trdins to /.
b) tet i.\,),' r be i.i.d. samplE follding the eme dinribution äs,Y. Show that

yN) and p(s) = s\!t) . . . s\!N) since l; are i.i.d. By the law of total

t@: [ [ rvlu.. .v"Jp(u,. .t,),1s1...,t!N

: 
.[ tt'lvt r\v)... t(u,t,rv.

Th€ conditional probebility of X on y is given by.

n{'1vr=i.,a',,={:" 
:=;"

where it is the slightly violäted Di.ac fundionr. Substituting 6 to 5 and th€n to 4

Eth\x)t=.l hop\ad!

I I t,t'1, r,ntJ r,)itrt) etqtltydt.
'It;

By noticing that

/o'',i,."', r.),/,-i., I r,,,n,, r,1r, 1,,0,r,,r--.t-

re get

(7)

High Performance Computing for
Science and Engineering ll

Let v = (rr.
probability,

that concludes the proof.

Crading scheme:

Totäl: 10 pts

. 5 points: qustion a

. 5 points: quesion b

Er,4x)) = [ i,,r,(,tcrv,tt=

="[i"^o:,]

Question 2: MCMC for optimization
Mafkov Chäjn Monte Carlo (MCMC) is a empl,ng tshniqu€ used in Bayeian inference to
obtäin smples from the po*erio. lt can alo be ced in di$rete and continuous ootimization

An optimization problem has the foll@ing ftrm:

ljtl,l/t(r). B:t+Y.o.. (10)

The set !' should be totally ddered. Usually it is the set of real d natural numbers. lf O t,
the minimization is ,rconi.aind. znd if 6 t t, the Foblem is cäll€d .orstrrned.

lf y as numeric, the problem can be refmulated as follws:

"Ini".,,''1="[f ''"'"]
L€t / be the density of the random variable X. Since X, are drawn independently,

" f,l )i,r',rl 
: o1u,.',1r

,:,irr /Nr)) e ru;"1r,a,{ /t(r)/?}. ? > ().

''rr- il:,iiiijliii,ä1,',': r,'::* ",''',

n 1.q , ,1 = ;f, 
e 1r.*, | 'rl 

p krl (trr (1i]l

pt,.,t : l,rk. glplaau

l'(ri: ?') is what re want our st.tionäry distribution to he. Värious MCMC algorithns äre thus
€mcerned with picking the äppfopriate transition probebilit /(...).

One of the popular MCMC algqithms is th€ MetropolieHastangs algdithm. Fq it w need a

rymmekic pfopo$l disribution Plr I i/l : q(r.u) = q(y.t) = F[r ] rl (note: this is not the
sme as /{r. r)):

1. Sample , - q{ , rr 1).

2. Set I :urrr(1.cxpl-\E(tj l:{t\ tDlTl)
3. Sampler- Unif(0.1)

4 lf il\1.*t /, I,el$*t,,r ='/r I

Questions

a) Sh@ that the Metropolis Hasting algdithm inducd a transition probäbility /(J,r) that
sätisfics the detailed belence condition.

First, we need to derive the transition probability F l! | rl = | A. il.). Staning from the atgorithm,
re mäy stan from thejoint di*ribution F[r ü.: I y], where r represents the n* stäte. x the
Bernoulli variable sampled accdding to the M€tropolis choice, : the Foposed state, and I the
old stete.

Flr.{.: rl=FIi.!.:,ylFIü:,1lFl:lrl. (r7)

The conditional probability li! h r. ., rl can be written äs:

(t8)

rTL.l)irofßNiilün.trr!butAdßhihilr,nandis.ieÄnedanhihrnqltt.aiüD^ilir\rfr!!.r!Ds,

i., r.,,k I r(.)r,,(dr) et.f,,)

which re interpret as follm: if r = I (ropogl is accepted), then r will he the sne as :.
h€nce the delta function ,t(r - :). When u = o (poposl is nor accepted), then r.will be the
same :s ri, hence the delta /i1 r x1

Funher, r is a Bernoulli distribut€d variable, so [' [u : r] reads as:

("\,,ü. r _ In"lrl:,ul:{.,-',1. - 
^, (re)

lr ft(:.r), r:0.'

"," r,=..{',41} (20,L r(/) J

Finally, the proposl di*ribution is simply P{: ,l = q(.. r)
To get the tränsition probability /(r. r) = F k LI re marsinälize:

ttr.t, /,,, I *t'.',rA itl
" .elrtt

=/a.;1" .r"1'.r1q(:.r) +.(r 
'tl l.a"r-^1,.;;01..,,1 e2t

(:J )

(rl

(il)

(12)

wher€ w€ silcntly ignor€ any rntegrability issus and asume /i- beh.ves nic€ly enough The
quantity /'in ( l:r is a valid probabil'ty density function. lf 1,1/ 7 ) had its mass highly concen,
träted around the minimr of /'1, re could JUn sample i) {rom this distribution. The s:npltr,s 

'sdone by the evolution of ä lvlarkov chain using appropriate transitaon probäbilitaes as explained
below Ih€ high concentration o{ mass around th€ minima is achieved by a tshnique knmn as
sindated annealing which reduces the val ue of T over time as new sa m pla are being g€n€rated.

Ov€rview of MCMC

As we knw from Exercise 5, a Markov chain is chäracteri2ed by its transition prcbability
F r,,,,, | =. / .i, r. J, I Ihe nerginal distibutio, o{ state i + 1 can be written as:

lf we .än let i - x . then we obtain a distfibution ?(r ) wh,ch satisfies the follNins relat,of,

As an asade lor can check that if the l'larkov Chain is discrete. the finding o{ the stationary
distribution corsponds to slving an eigenv*td problem.

There are in general m guarante* that sch a di$ribution exis. lf it do6, the marginal
distribütions will ev€ntüally converge to it. Wh€n det i/ed brlrrce holds:

r\.t)tQ,u):t\y..t)tt\!). (15)

then the fixed point exists almost trivially:

["to.dtt,na,= l,,tt,.1p'1:,ay=p@ l,ttur)th:p{r). {16)*
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